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Abstract. We define a ternary product and more generally a (2k + l)-ary product on the 
vector space (E) of tensors of type (p, q) that is contravariant of order p, covariant of 
order q and total order (p + q). This product is totally associative up to a permutation Sk 
of order k (we call this property a s^-totally associativity). When p = 2 and q = 1, we 
obtain a (2k + l)-ary product on the space of bilinear maps on E with values on E, which 
is identified to the cubic matrices. If we call a ^-matrix a square tableau with I x • • • x I 
entrances (if I = 3 we have the cubic matrices and we speak about hypercubic matrices as 
soon as I > 3), then the (2k + l)-ary product on T?(E) gives a (2A: + l)-product on the space 
of (p + g)-matrices. We describe also all these products which are Sfc-totally associative. We 
fH | compute the corresponding quadratic operads and their dual. 

Keywords, n-ary associative algebras, n-ary associative operads, Koszulity, n-ary product 
of cubic and hypercubic matrices. 



1. ON n-ARY ASSOCIATIVE ALGEBRAS 



CM 
> 

lO . 1.1. Generalities: n-ary partially and totally associative algebras. A n-ary algebra 

is a pair (V, fx) where V is a vector space on a commutative field K of characteristic and fx 
a linear map 

g i fi : V® n -> V 

where V® n denotes the n-tensor product V ® ■ ■ • <8> V (n times). 



A n-ary algebra is partially associative if fx satisfies 



n— 1 



(1) ^(-l)^- 1 ^ o (J p ® fx ® 7 n _ p _0 = 0, 

p=0 

for any p = 0, • • • , n — 1, where J 3 - : V^®-' — > is the identity map and J ® /i = fx® Iq = fx. 
For example, if n = 2 we have the classical notion of binary associative algebra. 

A n-ary algebra is totally associative if fx satisfies 

(2) fio(fi®I n _ l )=fio(I p ®fi®I n _ p _ l )^ 

for all p = 0, • • • , n — 1. For n = 2, the two notions of partially and totally associativity 
coincide with the classical notion of associativity. A totally associative (2p)-ary algebra 
is partially associative. A totally associative (2p + l)-ary algebra is partially associative 
if and only if fx is 2-step nilpotent (i.e. fx o i fx = for any % = 1, • • • ,n with fx /x = 

/X O (/;_! (g) //(g) 7 n _j)). 
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Remark. Some applications of cubic or n-ary algebras in physic can be found in [2] or [T4"] 
and [T5] . 

1.2. Definition of n-ary cr-partially and cr-totally associative algebras. We can gen- 
eralize Identities (CQ) and ([2]) using actions of the symmetric group on n elements £„. This 
generalization is in the spirite of the binary K[£ 3 ]-associative algebras introduced and de- 
velopped in [5] and [7]. 

Definition 1. For a permutation a in £„ define a linear map 
by 

®l(e h ® • • • ® ej = e i<r _ 1(i) ® ■ • • ® e l<T _ 1(n) . 
A n-ary algebra (V, u) is cr-partially associative if 

n-l 

(3) ( /p g, (/i $V ) /n p i) = 0; 
p=0 

for all p = 0, • • • , n — 1, 

and cr-totally associative z/ 

(4) p(/i® In-l) = fJ> O (I p ® (fj, O ® J n _p_i), 

/or aW p = 0, • • • , n — 1. 

Example If n = 3 and cr = r 12 is the transposition exchanging 1 and 2 then a Ti 2 -totally 
associative algebra satisfies 

/i(/i(ei, e 2 , e 3 ), e 4 , e 5 ) = /i(ei, /i(e 3 , e 2 , e 4 ), e 5 ) = //(e 1( e 2 (//(e 3 , e 4 , e 5 )), 

and a ri 2 -partially associative algebra satisfies 

u(u(ei, e 2 , e 3 ), e 4 , e 5 ) - ^(e x , /i(e 3 , e 2 , e 4 ), e 5 ) + u(ei, e 2 (u(e 3 , e 4 , e 5 )) = 0. 

2. A (2p+ 1)-ARY PRODUCT ON THE VECTOR SPACE OF TENSORS T?(E) 

2.1. The tensor space Tf(E). Let E be a finite dimensional vector space over a field K of 
characteristic 0. We denote by T±(E) = E® E®E* the space of tensors covariant of degree 
1 and contravaviant of degree 2. The space Tf(E) is identified to the space of linear maps 

£(E ® E,E) = {ip : E ® E ^ E linear} . 

Let {ei,-- - ,e n } be a fixed basis of E. The structure constants of ip G 1f{E) are 

defined by 

k=l 

Definition 2. TTie dual map of if G T^{E) is the tensor tp G T^{E) ~ E ® E) defined 
by 

(p: E -> E ® E 
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If tp is considered as a multiplication on E, then tp is a coproduct. For example, if tp is an 
associative product then tp is the corresponding coassociative coproduct (often denoted by 
A). 

2.2. Definition of a 3-ary product on Tf(E). Let tp 1: tp 2 ,tp 3 be in T?(E). We define a 
3-ary product ji by 

(5) Il(tp 1 ,tp 2 ,tp3) = tp! Otp^ Otp 3 . 

As tp~2 : E E (3 E, then tp 1 o ^ o tp 3 e Tf(E) and /i is well defined. Let us compute its 
stucture constants. We denote by C^(l) the structure constants of tp l (/ = 1,2,3). 

Ii(tp u tp 2 , tp 3 )(ei <g> e,) = </?i o ^ o ^(e, <g> e^) 

n 

= X£S(%>i°^( e *) 

fc=l 

= E E CS(3)CL(2)^(e ; ® e m ) 

fc=l l<£,m<n 

= EE E CS( 3 )^(2)CL(l)e t . 

t=l k=l l<l,m<n 

n 

Thus if n(tp u tp 2 , tp 3 )(ei <g> e,) = ^^(1, 2, 3)e t we get 

t=\ 

4(1,2,3)= £ Cj(3)CL(2)CL(l). 

l</c,/,m<?i 

Proposition 3. T/ie 3-ary product in Tf(E) given by 

fi(tp 1 ,tp 2l ip 3 ) = tp 1 otp 2 'otp 3 

satisfies 

MMv?i, <P2, ^s), ¥>4, ^5) = Kfu K<P4> ^3, ^2), ^5) 

that is this product is T\ 3 -totally associative. 
Proof. We have 

/i(li(tp 1 ,tp 2 , tp 3 ), tp 4 , tp 5 )(ei <g> ej) =(</?i 0^0 tp 3 ) o'tplotp 5 (e i <S>ej) 



E 

t 

E 



,k,l,m 



E E (^(5)^(4)^(3)^(2)^(1)) 



Thus the structure constant 2, 3), 4, 5) of this tensor is 

4((1,2,3),4,5) = ^(5)^(4)^(3)^(2)^(1). 
i< <n 
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Similary 

Vifi, ¥2, fJ>{<P3, <f4, V 9 5))(e i ® ej) = tpt o (p 2 o (if 3 o fa o ip B )( 



E 

t 

E 



^4(3,4,5)^(2)^(1) 



i Lu,r,s \k,l,m 



e t . 



Thus 



and 



We also have 



4(1,2,(3,4,5))= C*(5)C7^(4)C^(3)C^(2)C*.(1), 
fc, Z, m 



4(1,2,(3,4,5)) = 4((1,2,3),4,5). 



/i(v9i,/i(v9 2 ,V ? 3,V 9 4),V 9 5)(ei ® e 3 -) =^0 (</? 2 o ip 3 o <^ 4 ) o <^ 5 ( ei g> e,-) 



E 

t 

E 



E C «( 5 )Am(2,3,4)Cf ra (l) 



k,Lm 



and 



4(1,(2,3,4),5)= £ ^.(5)CL(4)Q(3)C r fc s (2)CL(l). 



fc, Z, m 



This shows that 

4((1,2,3),4,5) = 4(1,(4,3,2),5). 

Remarks. 

1. We can define in this way other non equivalent products by: 

M^l, V?2, ^3) = V?3 <f2 ° vi, 
fJ*(<Pl, <P2, <P3) = <Pl ° f2 ° Vs, 
^4(^1, V?2, <^3) = V?3 O Vi> 

where V( e « ® e j) = f( e j ® e «)- 

2. If we identify a tensor to its structure constants and if we consider the family 
{C^ } as a cubic matrix {C^} with 3-entries, the product \i on Tf(E) gives a 3-ary product 
on the cubic matrices. This last product has been studied in [TJ. 
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2.3. A (2k + l)-ary product on T?(E). Let </?i, • • • , ip 2k +i be in Tf(E). We define a 
(2k + l)-ary product /U 2fe+i on Tf(E) putting 

/i2fe+l(Vl, • • • > V?2fc+l) = Vl ° ^2 O • • • O (fi 2 k-l °P2k° <P2k+l- 

Let Sk be the permutation of E 2fc+1 defined by 

s fc (l,2,... ,2fc + l) = (2fc + l,2fc,--- ,2,1), 

that is s fc = ri 2fe+1 or 22 fcO- • •oT fc _ lfc+1 = Yi k i=i T i2k +i-i- It satisfies (s fe ) 2p = Id and (s k ) 2p+1 = s k 
for any p (it is a symmetry) . 

Recall that the (2k + l)-ary product yU 2fc+1 is a s fc -totally associative product if 

At2fc+i o (A* 2 fc+i ® hk) = H2k+i ° (i„ <8> (A*2fc+i ° $4) <8> hk-p), 
for p = 1, • • • , 2k. In particular, we have 

fJ>2k+l ° (A*2fc+1 ® ^2fe) = /i2fc+l O (J 2g <g> H2k+1 ® hk-2g), 

for any q — 1, • • • , k. 

Proposition 4. The product /i2k+i is Sk-totally associative. 
Proof. In fact if we put 

A*2fc+i(<pi, • • • , V ? 2fe+i)(e i <g> ej) = y^A* ? -(l, 2, • • • , 2k + l)e t , 

t 

then ^.(1,2,- •• ,2k + I) = 

C$(2k + l)C k a l a2 (2k)Ctl a2 (2k - 1) ■ • ■C% k _ ia j2)Ci 2k _ ia Jl). 

a>i, ■ ■ ■ , a k+i 
k\, ■ ■ • ,kk 

More precisely the line of superscripts is 

(ki, k±, k 2 , k 2 , • • • , kk, kk, t), 

and the line of subscripts 

((i,j), (ai,a 2 ), (ai,a 2 ), (a 3 ,a 4 ), (a 3 ,a 4 ), • • • , (a 2k -i, a 2k ), (a 2fc -i, a 2fe )). 
Let us consider 

tok+i ° (k <8> (^2k+i ° ®s l k ) ® hk-i)(<Pi, ■ ■ ■ ,V?4fc+i)(ei <g> ej) = ^B^et. 
Thus for / = 2r, we get 

^ = E ( 4A; + (4*)C?S aa (4fc - 1) • • • C k 4-: 2r _ ia2k _ 2r (2k + l + 2) 

Aa 2k -t r - 1 a 2k -2r(} + 1, • ' • , 2k + / + l)Ca 2k _ 2r+1 a 2k _ 2r+2 (I) ' • • Ca 4fc _ 1 a 4fc (1) ) 

such that the line of superscripts is 

(k±, k±, k 2 , k 2 , • ■ ■ , kk-r, h±, hi, ■ ■ • , h^, h^, k^-r+i, kk- r +i, • • • ■> kk, k^, t), 

where the terms hi, • • ■ ,h k , kh- r +i correspond to the factor Aa 2k ~^ 2 ^ ia2k _ 2r (l+l, ■ ■ ■ , 2k+l+l). 
Such a line is the same as the line of superscripts of 

/■«2fc+i ° (A*2fe+i <S> hk)(^Pi, ••• , V4fc+i)(ei <8> e^). 
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The line of subscripts is 

\(h3)i a 2), (a-l, ^2), • • • , (02fc-2r-l) 02fc-2r), (o2fc-2r-l) 02fc-2r), (Pl/h), ' ' ' 1 (fhk-l, 02k), 

(02fc-2r-l) a 2k-2r)i ' ' ' , (^fe-l, O-lfc))- 

So 

A*2fe+1 ((/i2fe+l <S> ^2fc) = /i2fe+l <8> (^2fe+l ^4) ® ^2fc-*)> 

for / = 2r. Assume now that / = 2r + 1. In this case S.*,- is of the form 

. . . c**-r+i (2fc + Z + 2U* fc --+ 1 „ (2Jfe + Z + l,--- ,Z + l)C„ fefc -+ 1 „ (/)•••• 

/ j 0>1k-1r-\ a 1k-1r y ' a 2k-2r+l a 2k-2r+2 v ' ' ' a 2k-2r+l a 2k-2r+2 v ' 

We find the same list of exponents and of indices that for fi2k+i ° {^2k+i <8> hk)- This finishes 
the proof. 

Consequences. 

1. The product /i2k+i on Tf{E) induces directly a (2fc+ l)-ary products on cubic matrices. 

2. All the other products which are s^-totally associative corresponds to 

lAk+li^ - ' ' )^2fc+l) = ^Hl°^ 0,,, ^ 0< ?b 

/^ifc+lCVl) • • • ,<£>2fc+l) = /^2Jfc+l( Vl)V2, • • • ,V?2fc+l), 
/^fc+lC^l) • • • , V?2fc+l) = ^2fc+l(Vl? ' ' - > V^fc, V2fc+l)- 

and more generally 

/42fc+l( Vl> ¥2,* <P3, ■ • • , <-P2k+l) 

or 

t*2k+l( Vl) ^2*^3, ■ ■ ■ ,<P2k+l)- 

3. Generalisation: a (2/c + 1)-ary product on T^E") 

3.1. The vector space T£(E). Let be a finite m-dimensional IK- vector space. The vector 
space TP(E) is the space of tensors which are contravariant of degree p and covariant of degree 
q. In {ei, • • • , e m } is a fixed basis of E, a tensor t of T?(E) is written 

t = 5^ ,t e n ® • • • ® e ^ ® eil ® • • • ® eiq 

1 < ifc, jz < n 
1 < fc < p 
l<l<q 

where (e 1 , • • • , e m ) is the dual basis of (ei, • • • , e m ). As 
then the tensor space 

oo 

T(E) = 

p,q=0 

is an associative algebra with product 

T%{E)xT l m {E) -> Tq+ l rn (E) 
(K, L) ^ K®L ' 

But this product is not internal on each component T£(E). In this section we will define 
internal (2p — l)-ary- product on the components. 
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The vector space Tg(E) is isomorphic to the space £(E® P , E® q ) of linear maps 

t :E® P -> E® 9 . 
We define the structure constants by 

t(e h ® • • • <g> e ip ) 

For such a map we define i by 

t: E® 9 

(e h ® ■ ■ ■ ® e ie ) 

3.2. A (2A; + l)-ary product on T 9 P (£). 
Definition 5. T/ie map \i defined by: 

(6) fl((px, • ■ ■ , <^2fc+l) = <^2fc+l ° <f~2k O <£> 2 fc-l O-'-O^O^l, 

/or any • • • , <^2fc+i € T'(E) is a (2k + l)-ary product on T*(E). 

We take an odd number of map (fi so we get compostions of (pj+i o (pj : E® P — > E® v for 
j = 1, • • • , 2k — 1 and finally compose with ip2k-i : -E 1 ^ - ^ -E® 9 so \i is well defined. 

Proposition 6. The (2k + l)-ary product \i on THE) defined by is s^-totally associative. 

Proof. The proof is similar to the proof of Proposition H] concerning an (2k + l)-ary product 
on Tf(E). In fact we have 

M^i, • • • ( P2 P +i)(e il ® • • • <g> e ip ) = A ? 1 "-'^ e n ® • • * ® e r g , 

and 

= cg:^ (2* + 1)^(2^)^.^(2^ - 1) • 

that is the line of superscripts is 

(ji ■ ■■jq)(h ■ ■■3q)i m i ■ ■■m q )(m 1 ■ ■■m q ) • • • (m • ■■n q )(n 1 ■ ■■n q )(ri ■ ■ -r q ), 

and the line of subscripts is 

(k ■ "ip){h ■ ■■l P )(h ■ ■ -l P ) ■ ■ ■ (si • ■■s p )(s 1 ■ --Sp). 

Using the same arguments that in Proposition HI changing pairs by p-uples and g-uples, we 
obtain the announced result. 

Remark. We can also use the same trick that in Consequences 2. to find others s^-totally 
associative products on T£(E). 

Applications. This product can be translated as a product of "hypercubic matrices" that 
is square tableau of length p + q. This generalizes in a natural way the classical associative 
product of matrices. 



-> E® P 
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4. Current (2k + 1)-ary s^-totally associative algebras 

The name refers to current Lie algebras which are Lie algebras of the form L (g A where L 
is a Lie algebra and A is a associative commutative algebra, equipped with bracket 

[x <g a, y <g b] mA = [x, y] L <g ab. 

We want to generalize this notion to (2fc + l)-ary s^-totally associative algebras. The problem 
is to find a category of (2k + l)-ary algebras such that its tensor product with a (2k + l)-ary 
Sfc-totally associative algebra gives a (2k + l)-ary s^-totally associative algebra with obvious 
operation on the tensor product. Such a tensor product will be called current (2k + l)-ary 
Sk-totally associative algebra. We first focus on the ternary case and si = r 13 . 

Let (V, /x) be a 3-ary algebra where /x is a ri 3 -totally associative product on V (for example 
V = Ti(E) and /x is defined by ) so /x satisfies Equations (j3J for u = n 3 , that is, 

/x(/i(ei, e 2 , e 3 ), e 4 , e 5 ) = /x(ei, /x(e 4 , e 3 , e 2 ), e 5 ) = /x(e x , e 2 (/i(e 3 , e 4 , e 5 )), 

for any ei, e 2 , e 3 in V. Let (W, /x) be a 3-ary algebra. Then the tensor algebra (V (g W, /x Cg /x) 
is a 3-ary ri 3 -totally associative algebra if and only if 

(/X ® /x)(fi ® Wi (g) f 2 <8> W 2 <8> V 3 (g) iw 3 ) = fi(vi,v 2 , v 3 ) (g p,(wi,w 2 ,w 3 ) 

satisfies the ri 3 -totally associativity relation. But 

(/x (g /x) o (/x <g /x (g 7 4 ) = /x o (/x (g 7 2 ) (g /x o (fx <g J 2 ) , 

(/x ® //) o (J 2 (g (/j ® /x) o <g> J 2 ) = // o (/ ® /x o ® I) ® p, o (I (g /2 o <g> J), 

(/x (g /x) o (7 4 (g /x (g p) = Li o (7 2 <g Li) (g /x o (7 2 (g /x), 

then (/x (g /x) o (/i (g /x (g 7 4 ) — (/x (g /x) o (7 4 (g /x (g /x) = is equivalent to 

(7) /x o (/x <g 7 2 ) (g /x o (/x (g 7 2 ) - /x o (7 2 (g /x) <g /x o (7 2 <g> jj) = 0. 

But /x o (/x (g 7 2 ) = /x o (7 2 (g /x). Thus Equation ([Zj) is equivalent to 

/x o (/x (g 7 2 ) (g [/x o (/x <g 7 2 ) - /x o (7 2 (g /x)] = 0, 

and 

/x o (/x (g 7 2 ) = /x o (7 2 <g /x). 

Similary 

(/x (g /x) o (/x (g /x <g 7 4 ) — (/x (g /x) o (7 4 (g /x <g /x) 

/x o (/x <g 7 2 ) ® [/x o (/x ® 7 2 ) - /x o (7 <g /x o ® 7)] = 0, 

which leads to 

/x o (/x (g 7 2 ) = /x o (7 (g /x o ® 7). 
So /x (g /x is ri 3 -totally associative if and only if /x is ri 3 -totally associative. 

Proposition 7. Let (V, Li) be a 3-ary r Vi -totally associative algebra and (W, /x) be a 3-ary 
algebra. Then (V ®W, Li ® jl) is a 3-ary Ti 3 -totally associative algebra if and only if (W, /x) 
is also of this type. 

This result can be extended for (2k + l)-ary s^-totally associative algebras. 

Proposition 8. Let (V,/x) be a (2k + l)-ary s^-totally associative algebra and (W, /x) be a 
(2k + l)-ary algebra. Then (V <g W, fi <g /x) zs a (2A; + l)-ary Sk-totally associative algebra if 
and only if (W, /x) is also of this type. 
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Proof. The product \x is a (2k + l)-ary s^-totally associative product so satisfies 

\l O {jJL <g I 2k ) = p (I 2q <g> H <g> I 2k -2q) 

= fj, O (I 2q+1 <g H O $^ <g J 2 fe-2g-l), 

for any g = 0, • • • , fc. The system 
(fi ® /I) o ((// ® /I) ® I 4fe ) -(p3 W o (/ 4g ® <g> //) o <g> J 4fc _ 2g ) = 

H o (jj, ® I 2k ) ® fi o (ji ® I 2k ) - /i o (I q ® ^ o <g J 2jfe _ g ) ® /I o ( I <g ^ o $ J <g J 2fc _ 9 ) 

k k 

for any g = 0, • • • , k is equivalent to 

= 0, 



/i O (// <g I 2k ) <g ju O (// <g) J 2fc ) - // O (ig <g) /i O $^ ^ j 2fe _ g J 



for any g = 0, • • • , fc. Then /i (g) /i is (2/c + l)-ary sjt-totally associative if and only if 

/J o (/I <g) I 2fe ) - /i o (7 g (g o $^ (g) / 2fc _ 9 ) = 

for any q = 0, ■ • • , that is /i is a (2k + l)-ary s^-totally associative product. 

5. The operads 3-paAss, 3-tot Tl3 Ass 

5.1. On the operad 3-paAss. We denote by 3-pa^4ss the quadratic operad of 3-ary -i.e. 
ternary- partially associative algebras (with operation in degree 0). In [9 J we compute the 
free 3-ary partially associative algebra based on a finite dimensional vector space V. In [13] 
we notice that the dual operad is in general defined in the graded framework, compute it, 
as the knowledge of the dual is fundamental to study if the operad is Kozsul or not. We 
prove in [13] that 3-paAss is not Koszul. Note that this result contradicts some affirmations 
of the Koszulity of the operad 3-paAss. This confusion can be explained by observing the 
general case of the operad n-paAss for n-ary partially associative algebras with operation of 
degree 0. If n is even ([3]), n-paAss is Koszul and the dual operad n-paAss' is the operad 
n-totAss for n-ary totally associative algebras with operation of degree (which is also 
Koszul). But if n = 2k + 1, the operad n-paAss 1 is not n-totAss but n-tot^Ass for totally 
associative algebras with operation of degree 1 and this operad is not Koszul (see [13]). As 
a consequence we deduce that for n odd, the operadic cohomology (which always exits) is 
not the cohomology which governs deformations (which also always exits, contrary to what 
is written in [1]). Remark that in [9J we have also defined a cohomology of Hochschild type 
for 3-ary partially associative algebras with some extra conditions. 

5.2. The operad 3-tot T13 Ass. We denote by 3-tot T13 Ass the quadratic operad for 3-ary 
r 13 -totally associative algebras that is satisfying Relation ([3]) for a = r 13 . Let \i be a 3-ary 
multiplication, and 

< /i >~ K[E 3 ], if m = 3 and 
0, if m ^3. 

We simply say that E 3 - to t T13 Ass = E 3 - totTi3 _A ss (3) . The ideal of relation is generated by the 
K[E 5 ]-closure R 3 -tot^ 3 Ass of the ri 3 -associativity 

r 1 = /i(/i <g> I 2 ) - /i(J (g /J, • Ti3 <g) /), 
r 2 = M/i ® h) - n{h ® /i), 
where /i • a = \i o $ a for o G E 3 . 



E3-tot T13 Ass(m) 
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If T(E 3 - totTi3Ass ) denotes the free operad generated by E 3 - totTriAss , we get that R 3 - to t T13 Ass C 
r(£ , 3 - to4ri3- 4 ss )(5). The operad for 3-ary ri3-totally associative algebras is then the quadratic 
3-ary operad 

3-tot T13 AsS = T(E 3 -tot T1 , i Ass) /(R3-tot T13 Ass), 

that is 3-tot Tl3 Ass(m) = T(E 3 - totTwAss )(m) / (R 3 - totTi3Ass )(m). 

5.3. The current operad 3-tot Tl3 Ass. In [8] we have defined, for a quadratic operad V, the 
current operad V that is, the maximal operad V such that the tensor product of a "P-algebra 
A and a P-algebra B is a P-algebra with the usual product on A ® B. Let us compute 
3-tot Tl3 Ass. 

Proposition 9. The current operad of the operad 3-tot T13 Ass is 3-tot T13 Ass itself that is 

3-tot Tl3 Ass = 3-tot Tl3 Ass. 
Proof. This result follows from the Proposition [7J 

5.4. The dual operad 3-tot Tl3 Ass l . For n-ary quadratic operad V = T(E)/(R) with E = 
E(n), the dual (quadratic n-ary) operad is defined as follows 

p ! = r(E)/(^), 

where E = j n_2 E& £g> sgn n , | n_2 denotes the suspension iterated (n — 2) times, # the linear 
dual and R 1 - C T(E)(2n — 1) is the annihilator of R C r(£ , )(2n — 1) with respect to the 
pairing between T(E)(2n - 1) and T(E)(2n - 1). 

Proposition 10. The dual operad of 3-tot T13 Ass is 

3-tot T13 Ass l = 3-pa). Ass, 

that is the operad for T\ 3 -partially associative algebras with operation in degree 1. 

Proof. The operad V = 3-tot Tl3 Ass is the quadratic operad defined by 

V = T(E)/(R), 

where /i a ternary operation of degree 0, T(E) the free operad generated by E =< // > and 
R C T(E) is the generated as K[S 5 ]-module by the relations 

f n(ji ® I 2 ) - n{I ® n ■ Ti 3 ® I), 

We consider 

[i o s n = u(/ s _! <g> /i <g> I 3 _ s ), 
which "plugs" (jl into the s-st input of // and 

(/ " c)(Zl,«2) • • • ,Z m ) = /(V-i(l),V-i(2), • • • , V-i(m)) ? 

if / e T(ii)(m),a e E m . 

We get £7(3) =< a > where a is a ternary operation of degree 1 satisfying < //, a >= 1. 
The pairing between r(E7)(5) and T(i?)(5) is given by 

< (/i /j J )(i 1 ,i 2 ,i 3 , 14,15), (a Oj a > (ii,i2,h,i4,h)) 

/ 1 2 3 4 5 \ _ ^ / 1 2 3 4 5 \ 
H, a sgn 5 y ^ ^ ^ ^ ^ j - sgn 5 y ^ ^ ^ ^ ^ j , 
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for j = 1, 2, 3. So 

< (/i o! jj, — jj, o 2 jj, ■ ri 3 )(l, 2, 3,4, 5), (a o 1 a - a o 2 a ■ t 13 + a o 3 a)(l, 2, 3,4, 5) > 

=< pi|i,ao 1 a> + <p 2 |i' T13, a o 2 a • ri3 > 
= 1— < /i o 2 /i, a o 2 a >= 1 — 1 = 0, 

< (/i o! /i - /i o 3 /i)(l, 2, 3,4, 5), (a o x a - a o 2 a ■ t 13 + a o 3 a)(l, 2, 3,4, 5) > 

=< pi/j,«o 1 a>-<|jo 3 |j 1 ao 3 a >= 1 — 1 = 0. 

The dual operad is then the quadratic operad 

P = r( a )/(iO, 

with a ternary operation of degree 1 and R 1 - generated by 

a(a <g> J 2 ) - a(I ® a • n 3 ® J) + a(/ 2 <g> a). 

So this operad is the operad of ternary Ti3-partially associative algebras with operations of 
degree 1. 

Remark. A direct computation similar to [T3] shows that 

dimV{3) = 6, dimV(5) = 5! , dimV(7) = 7! . 

The generating function of V is similar to the generating function of 3-totAss. Likewise the 
generating function of 3-pa\ iA Ass is the generating function of 3-pa l Ass. ^From [10] the 
operads 3-totAss and 3-pa l Ass are Koszul. We conclude that 3-tot T13 Ass is Koszul. 
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